Abstract. Let M be a compact manifold. First, we give necessary and sufficient conditions for a Riemannian metric on M to be extremal for λ 1 with respect to conformal deformations of fixed volume. In particular, these conditions show that for any lattice Γ of R n , the flat metric g Γ induced on R n /Γ from the standard metric of R n is extremal (in the previous sense). In the second part, we give, for any Γ, an upper bound of λ 1 on the conformal class of g Γ and exhibit a class of lattices Γ for which the metric g Γ maximizes λ 1 on its conformal class.
Introduction
Let M be a compact differentiable manifold of dimension n ≥ 2 and let λ 1 be the functional which assigns to each Riemannian metric g on M the first positive eigenvalue of the Laplacian ∆ g of g. As λ 1 is not invariant under dilatations, we will restrict ourselves to Riemannian metrics having a given volume. It is known that if n ≥ 3, then the functional λ 1 is unbounded (see [3] ). However, for any metric g on M , the restriction of λ 1 to the conformal class C(g) = {φg ; φ > 0 and V (φg) = V (g)} of g is bounded (see [6] and [10] ). Here V (g) denotes the Riemannian volume of g. This paper consists of two sections. The first one deals with the (constrained) critical points of λ 1 restricted to a conformal class C(g). Such a critical metric will be called C-extremal (here criticity is defined in a generalized sense because λ 1 is not differentiable in general). The results we obtain give both a necessary condition and a sufficient one for a Riemannian metric g to be C-extremal:
• Necessary condition (Theorem 2.1): "There exists a finite family {f 1 , ..., f k } of first eigenfunctions of ∆ g such that i≤k f
basis {f 1 , ..., f m } of the first eigenspace of ∆ g such that i≤m f 2 i = 1." Note that conditions of this type concerning the "unconstrained" critical metrics were obtained by Nadirashvili [6] in dimension 2 and by the authors [7] in all dimensions. The necessary condition means that there exists a harmonic map f from (M, g) to a unit sphere with energy density |df | 2 = λ 1 (g) (see [5] ). A direct consequence of the sufficient condition is that the metric of any compact homogeneous Riemannian space is C-extremal (Corollary 2.1). This last assertion gives rise to many natural examples of C-extremal metrics. In particular, for any lattice Γ of R n , the flat metric g Γ induced on the torus T n Γ = R n /Γ from the Euclidean metric of R n is C-extremal. A natural question is then to know for which lattices Γ ⊂ R n the flat metric g Γ is a global maximizer for λ 1 on C(g Γ ). In the second section we exhibit a class of lattices for which this property holds (Corollary 3.1). This class contains some well known lattices as the square and the hexagonal ones. But, the main result of this section is Theorem 3.1 which gives, for any lattice Γ, an upper bound of λ 1 on C(g Γ ) in terms of an invariant of Γ:
where c(Γ )= inf{ 1≤i≤n |τ i | 2 ; {τ 1 , ..., τ n } is a basis of the dual lattice Γ of Γ}. Note that in [9] , Ros and the authors have obtained a 2-dimensional version of this last result. It should also be mentioned that, in the particular case where Γ is the square lattice of R 2 , this result is due to Li and Yau [10] . On the other hand, Nadirashvili [11] showed that the flat metric corresponding to the equilateral lattice maximizes λ 1 among all the metrics of the same volume on the 2-torus T 2 .
2. The functional λ 1 restricted to a conformal class of metrics Let (M, g) be a compact connected smooth Riemannian manifold of dimension n ≥ 2 and volume V (g). Denote by C(g) the set of Riemannian metrics conformal to g and having the same volume:
where ν g is the Riemannian volume element of g. We consider the functional λ 1 : C(g) → R where, ∀g ∈ C(g), λ 1 (g ) is the first positive eigenvalue of the Laplace-Beltrami operator ∆ g of g . For any one parameter analytic family (g t ) t of C(g), the function t → λ 1 (g t ) has right and left derivatives w.r.t. t (see [7] ) and we have
Definition 2.1. The metric g is said to be C-extremal for the λ 1 functional if for any analytic conformal deformation (
It is easy to check that this last condition is equivalent to
In the sequel we will denote by E 1 (g) the eigenspace associated to λ 1 (g).
Remark. An equivalent formulation of Theorem 2.1 is:
Reciprocally, we have the following theorem:
An immediate consequence of this theorem is the following:
). An elementary argument shows that the function i≤k f 2 i is invariant under the isometry group of (M, g). Thus it is constant and we can apply Theorem 2.2.
Proof of Theorem 2.1.
One can easily deduce from Berger's work [2] (see also [1] and [7] ) that there exists an
First step. There exists a finite family {f 1 , .
Proof. This assertion is equivalent to the fact that the constant function 1 belongs to the convex hull K of the set {q(f ) ; f ∈ E 1 (g)} ⊂ C ∞ (M ). Let us then assume that 1 / ∈ K. Since K is a convex cone and K ∪{1} is contained in a finite dimensional subspace of C ∞ (M ) (endowed with the L 2 (g)-inner product), there exists, by the classical separation results (see for instance [12] ), a function β such that M βν g > 0 and, for any f ∈ K, M βf ν g < 0. Now, we let
On the other hand, for any u ∈ E 1 (g), u = 0, we have
Therefore, applying (1) and (2) we get
Now, for any i ≤ k, we have
and then
It follows from the positivity of ∆ g that |f | 2 − 1 λ1(g) = 0. In conclusion, the family λ 1 (g)f 1 , ..., λ 1 (g)f k satisfies the statement of Theorem 2.1.
Proof of Theorem 2.2. Let {f
Indeed, this sum is nothing but the L 2 (g)-trace of the quadratic form Q defined on
and, therefore, min i≤k M αq(u i )ν g ≤ 0 and max i≤k M αq(u i )ν g ≥ 0. Applying (1) and (2), we obtain the C-extremality of g.
3.
A conformal upper bound for λ 1 on tori Let Γ be a lattice of R n and denote by g Γ the flat metric induced on the torus T n Γ = R n /Γ from the Euclidean metric of R n . The purpose of this section is to give an explicit upper bound of λ 1 on C(g Γ ). Recall that the spectrum of the Laplacian of g Γ is given by: Sp(g Γ ) = {4π 2 |τ | 2 ; τ ∈ Γ }, where Γ = {τ ∈ R n ; ∀x ∈ Γ, x, τ ∈ Z} is the dual lattice of Γ. The first eigenvalue of g Γ is then λ 1 (g Γ ) = 4π 2 |τ 0 | 2 , where τ 0 is an element of minimal length in Γ \{0}. We denote by c(Γ ) the infimum of i≤n |τ i | 2 , where {τ 1 , ..., τ n } runs over all the basis of Γ .
Theorem 3.1. If (M, g) is a Riemannian manifold conformally equivalent to
(T n Γ , g Γ ) with V (g) = V (g Γ ), then λ 1 (g) ≤ 4π 2 n c(Γ ).
Equality holds if and only if there exists a basis {τ
It follows from corollary 2.1 that for any lattice Γ, the flat metric g Γ is an extremal metric for the functional λ 1 restricted to C(g Γ ). The following corollary shows that for certain lattices Γ, the flat metric g Γ corresponds in fact to the absolute maximum of λ 1 on C(g Γ ). . In this case, the hypothesis in Corollary 3.1 simply means that a 2 + b 2 = c 2 . This 2-dimensional case was studied in [9] .
Corollary 3.1. Assume that Γ is generated by a basis {τ
(2) In higher dimensions, there exist many lattices known for their special properties in number theory or sphere packings and which satisfy the hypothesis of the corollary (see [4] for details and examples). Among them we may mention:
• The square lattice Z n .
• The Hexagonal lattice
Its dual A n is the lattice of E generated by the n vectors τ j = 1 n+1 k≤n+1 e k − e j , {e j } j≤n+1 being the standard basis of R n+1 . All the τ j are of minimal length n n+1 and c(A n ) = n 2 n+1 (note that A 2 is, up to homothety, just the equilateral lattice of R 2 ).
• The lattice Γ n with n = d 2 for some integer d ≥ 2, generated by the vectors a j = e j − e n for j ≤ n − 1 and a n = de n . Its dual Γ n is generated by τ j = e j for j ≤ n − 1 and τ n = 
Before starting the proof of Theorem 3.1, let us recall that the n-energy E n (ψ) of a map ψ from an n-dimensional compact Riemannian manifold (M, g) into S N is E n (ψ) = M |dψ| n ν g , where |dψ| is the Hilbert-Schmidt norm of dψ associated to the metrics g and can. It is important to note that E n (ψ) is invariant under conformal changes of the metric g. Furthermore, for conformal immersions, the n-energy is proportional to the volume E n (ψ) = n n/2 V (ψ can). In the sequel the group of conformal diffeomorphisms of S N will be denoted by G(N ). An important ingredient in the proof of Theorem 3.1 is the following result that we established in [6] (see also [8] ):
N is conformal and minimal, then
Moreover, if the equality
Note that in dimension 2, the first part of this theorem corresponds to a wellknown result of Li and Yau [10] concerning the conformal area of minimal surfaces of spheres. 
where f j (x) + ig j (x) = exp 2iπ x, τ j . The functions f j and g j are in fact eigenfunctions of the Laplacian of g Γ associated to the eigenvalue 4π 2 |τ j | 2 .
First step. |dφ| 2 = Proof. As for every j ≤ n, f This proves the claim. Although the map φ is in general neither minimal nor conformal, it will maximize the n-energy on its G(2n − 1)-orbit:
Second step. For every non-isometric γ ∈ G(2n − 1), we have E n (γ • φ) < E n (φ).
Proof. The standard embedding φ cl of the Clifford torus (T n cl = R n /Z n , g cl = g Z n ) is given by φ cl (x) = 1 √ n (exp 2iπx 1 , ..., exp 2iπx n ). This embedding is minimal and homothetic. Hence, by Theorem 3.2, for any non-isometric γ ∈ G(2n − 1), E n (γ • φ cl ) < E n (φ cl ). The assertion of this step will then follow from the fact that, for any γ ∈ G(2n − 1),
